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¯̄̄KKK1

A ÓÆbÏ|¤���|�,½Ài. T½k6�©§§�� �©O�A,B,C,D,E, F .
ÓÆ�gd1Ä�ã�m�§z ÓÆÑuy§gC3¤3� ��Uw� uA,B,C,D
?�o�©§
wØ� uE ÚF �©. ®�

(1) ÓÆ�� �Ú©� �þÀ�Ó�²¡þ�:§�ù
:*dØ­Ü¶

(2) A,B,C,D,E, F ¥?¿3:Ø��¶

(3) wØ�©����UÒ´À��Ù§�©¤{	§~X§XJ, ÓÆ¤3� �P
ÚA,B ��§�A 3�ãPB þ§@oTÓÆÒwØ� uB ?�©.

�¯§ù�Ài�|�õ�Ukõ�¶ÓÆº

(A) 3 (B) 4 (C) 6 (D) 12

���YYY1

(C). du?¿n�©� �Ø��§¤±é?¿� ÓÆ5`§E ÚF ?�©7,´�ü
�ØÓ�©¤{	
À�.

·�?�c¡�2�©£Ø���A ?ÚB ?�©¤§b�� ÓÆ�À�´�ù2�©{
	§@oTÓÆ� �½ö´EA �ò��ÚFB �ò����:§½ö´EB �ò��
ÚFA �ò����:.

,
§XJEA �ò��ÚFB �ò��k�:§@oAEFB ´��ào>/§ù¿�
XEB ÚFA ��:3ùü^�ã�SÜ. Ïd§�A ?ÚB ?�©{	4À��ÓÆ�õ
k� .

du3c4�©¥À�2�©��ªk6«§¤±ÓÆ�ê8Ø�L6. eã´����6�~f
£P,Q,R, S, T, U ´ÓÆ�� �¤.
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¯̄̄KKK2

�²
ÔÅiZ"Ð©È©�2"3iZ?1¥§È©¬�X�m�5/ëY~�(�Ç�z
ü �mã�Ø1)"iZm©�§z����Å�mã(���p�Õá�ëê�1 ��ê©
Ù)§Ò¬k�e'ÅÑy3¶4þ"�'ÅÑy�§�²á=?1ö�§�±]mÂáé
�§½ö]m�é�Âá"X�'ÅÂá§KiZ(å"X�²Âá'Å§K¬¼�1.5�
È©§¿��±ÀJ3ÂáTg'Å�á=òÑiZ§½öUYiZ"XÀJUYiZ§K
L���e�e'ÅÑy§¥åØUÌÄòÑ"iZ�JÝØä4OµÑy�1n e'Å§
�²Âáé��VÇ�(0.85)n§�Âá�VÇ�1 − (0.85)n§���c�¯�Õá"3?Û
��§XJÈ©ü�0§KiZgÄ(å"

¯KÜ©µ

(1) XJiZ¥§�²�Âá�§Ù�c�È©�±"@o�
iZ(å��\ÈÈ©�
êÆÏ"��z§�²AT3ÙÂá1Ae'Å�ÌÄ(åiZº

(A) 1.

(B) 2.

(C) 3.

(D) 4.

(2) b�iZ¥§�²�Âá�§Ù�cÈ\�È©¬�""@o�
(å��Ï"È©
��z§�²�¬ÀJ���`��mÌÄ(åiZ"�¯3iZ(å�(�²ÌÄ(
å!½È©~�0)§e�=��À���CiZ(å��²�Ï"È©º

(A) 2.

(B) 4.

(C) 6.

(D) 8.

���YYY2

'Å�Ñy´��ëê�1 �Ñt:L§(XI;�ëY�m�ÅL§§ùp��^�ê©Ù
�ÃPÁ5)"3?¿��§z?1��ü �mã§�²~��È©�1"3Âáze'Å
�§�²O\�È©�1.5"3ù��§z?1��ü �mã§�²Âá'Å�Ï"ÂÃ
�1.5× (0.85)n"

(1) 3ù«�¹e§�'ÅÂá�Ï"���0"@o·�ÀJ���n§¦�1.5 ×
(0.85)n > 1§=n = 2"�²3Âá12 e'Å�ÌÄ(åiZ"ÏdÀ(B).

2

           www.bjcugb.com
北地论坛 北地人的精神家园！



(2) b�Âá1n − 1 e'Å�§�²¤Pk�È©�t"XÀJUY���e�e'ÅÑ
y�(åiZ§È©�êÆÏ"�

(0.85)n ×
∫ t

0

(
t+ 1.5− x

)
e−xdx = (0.85)n ×

(
t+ 0.5× (1− e−t)

)
. (1)

�n = 1 �t ≤ 2 �§þªo´�ut"Ïd�²�����1�e'ÅÑy"bX�
²Âá
1�e'Å§@oÙÃ¥È©���1.5"�n = 2 �t ≥ 1.5 �§(1) o´�
ut"Ïd§b��²®²Âá
1�e'Å§@oÀJ“á=(åiZ” o´`u“Â
á1�e'Å�á=(å”"d1�¯��§ÃØ�²ykÈ©�õ�§Ù�`(å�
mÑATØ�uÂá1�e'Å"nþ��§�²��`üÑ�µ��1�e'ÅÑ
y§òÙÂá�á=(åiZ"

3düÑe§�²�ªÈ©�Ï"A�(1) ª3n = 1 9t = 2 ���§��2.067. �
�C�À��(A).
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¯̄̄KKK3

éu¢êT > 0, ¡î¼²¡R2�f8Γ�T -È��, XJé?¿v ∈ R2, �3w ∈ Γ÷
v‖v − w‖ 6 T . �2���
A ∈ M2(Z)÷vdet(A) 6= 0.

(1) b�tr(A) = 0. y²�3C > 0, ¦�é?¿��ên, 8Ü

AnZ2 := {Anv : v ∈ Z2}

´C|det(A)|n/2-È��.

(2) b�A�A�õ�ª3knê�þØ��. y²�(1)�Ó�(Ø.

5µùpR2ÚZ2¥��þ�½���þ, R2¥�SÈ�IOSÈ, =〈v, w〉 = vtw.

£J«: 3é(2)�y²¥, �¦^XeMinkowskiàN½n�AÏ�/µR2¥±�:�¥%
�¡È�4�?¿4²1o>/¥o�¹Z2¥��"�þ.¤

���YYY3

Pt = tr(A), d = det(A). KA�A�õ�ªχA(λ) = λ2 − tλ + d. dCayleyõHamilton½n,
χA(A) = 0, =A2 = tA− dI2. e¡©üÚy².

1�Ú. ky²: 3(1)½(2)�^�e, é?¿��ên, �3Ø��"��êpn, qnÚ«
m[−1, 1]¥�¢êxn, yn, ¦�

pnA
n+1 + qnA

n = |d|n/2(xnA+ ynI2), (2)

¿�(2)ªü>��_Ý
.

• b�(1)�^�¤á, =t = 0. KA2 = −dI2.

– en�óê,KAn = (−d)n/2I2,=(2)ªépn = 0, qn = 1, xn = 0, yn = sgn((−d)n/2)¤
á. d�(2)ªü>�_.

– en�Ûê,KAn = (−d)(n−1)/2A,=(2)ªépn = 0, qn = 1, xn = sgn((−d)(n−1)/2)|d|−1/2,
yn = 0 ¤á. d�(2)ªü>��_.

• b�(2)�^�¤á, =χA(λ)3QþØ��. dA2 = tA − dI2��, é?¿n > 0, �
3an, bn ∈ R¦�An = anA + bnI2, ¿�duA�I2�5Ã', an�bn�n��û½. �

��?�Ú�&E, 5¿�

an+1A+ bn+1I2 = An+1 = A(anA+ bnI2) = an(tA− dI2) + bnA = (tan + bn)A− danI2.
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ùíÑ

(
an+1

bn+1

)
=

(
t 1
−d 0

)(
an
bn

)
. l
én > 1k

(
an+1 an
bn+1 bn

)
=

(
t 1
−d 0

)(
an an−1

bn bn−1

)
= · · · =

(
t 1
−d 0

)n(
a1 a0

b1 b0

)
=

(
t 1
−d 0

)n
.

AO/, det

(
an+1 an
bn+1 bn

)
= dn. �Ä±�:�¥%�4²1o>/

∆n :=

{
|d|n/2

(
an+1 an
bn+1 bn

)−1(
x
y

)
: x, y ∈ [−1, 1]

}
.

duÝ
|d|n/2
(
an+1 an
bn+1 bn

)−1

�1�ª�±1, ¤±∆n�¡È�4. dMinkowskiàN½

n, ∆n¥�3�"�:, =�3xn, yn ∈ [−1, 1]ÚØ��"�pn, qn ∈ Z¦�(
an+1 an
bn+1 bn

)(
pn
qn

)
= |d|n/2

(
xn
yn

)
.

ùíÑ

pnA
n+1 + qnA

n = pn(an+1A+ bn+1I2) + qn(anA+ bnI2)

= (pnan+1 + qnan)A+ (pnbn+1 + qnbn)I2

= |d|n/2(xnA+ ynI2),

=(2)ª¤á. ,	, duχA(λ)3QþØ��, ¤±A3Q¥ÃA��. ùíÑpnA +
qnI2�_, l
(2)ªü>�Ý
�_.

1�Ú. �A =

(
a11 a12

a21 a22

)
. ·�y²

C :=
(

(|a11|+ 1)2 + a2
12 + a2

21 + (|a22|+ 1)2
)1/2

÷v�¦. Äk, N´�y, é?¿x, y ∈ [−1, 1]Úu ∈ R2, k‖(xA+ yI2)u‖ 6 C‖u‖. �n > 1,
v ∈ R2. P

v′ = |d|−n/2(xnA+ ynI2)−1v.

�w′ ∈ Z2¦�‖v′ − w′‖ 6 1, ¿�

w = |d|n/2(xnA+ ynI2)w′ = An(pnA+ qnI2)w′ ∈ AnZ2.

K
‖v − w‖ = |d|n/2‖(xnA+ ynI2)(v′ − w′)‖ 6 C|d|n/2.

ùÒ�¤
y². 2
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¯̄̄KKK4

�d ≥ 0´�ê, V´2d+ 1�E�5�m, k�|Ä

{v1, v2, · · · , v2d+1}.

é?��êj (0 ≤ j ≤ d
2), PUj´

v2j+1, v2j+3, · · · , v2d−2j+1

)¤�f�m. ½Â�5C�f : V → V �

f(vi) =
(i− 1)(2d+ 2− i)

2
vi−1 +

1

2
vi+1, 1 ≤ i ≤ 2d+ 1.

ùp·��½v0 = v2d+2 = 0.

(1) y²: f��ÜA���−d,−d+ 1, · · · , d.

(2) PW´láuA��−d+ 2k (0 ≤ k ≤ d)�f�A�f�m�Ú. ¦W ∩ U0��ê.

(3) é?��êj (1 ≤ j ≤ d
2), ¦W ∩ Uj��ê.

���YYY4

3M2(C) ¥, -

h0 =

(
1
−1

)
, x0 =

(
0 1
0 0

)
, y0 =

(
0 0
1 0

)
.

O��
[h0, x0] = h0x0 − x0h0 = 2x0,

[h0, y0] = h0y0 − y0h0 = −2y0,

[x0, y0] = x0y0 − y0x0 = h0.

P

T = exp(
π

4
(x0 − y0)) =

( √
2

2

√
2

2

−
√

2
2

√
2

2

)
.

O��T (x0 + y0)T−1 = h.

(1)½Â�5C�h, x, y : V → V Xe:

x(vi) = vi+1, y(vi) = (i− 1)(2d+ 2− i)vi−1, h(vi) = 2(i− d− 1)vi.
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O��
[h, x] = 2x, [h, y] = −2y, [x, y] = h.

½ÂN�φ : sl(2,C)→ gl(V ) �

φ(h0) = h, φ(x0) = x, φ(y0) = y.

Kφ ´��o�êÓ�. aquT�½Â, PS = exp(π4 (x − y)), KS(x + y)S−1 = h. ¤±,
f = 1

2(x+ y) �1
2h �Ý. ù�, f �A���1

2h��Ó, �´−d,−d+ 1, · · · , d.

(2)PA = exp(πif), B = exp(πi2 h). KW ´áuA��(−1)d �A �A�f�m, U0 ´áu
A��(−1)d �B �A�f�m. ±þÓ�φ ´,�o+Ó�Φ : SL(2,C)→ GL(V ) ��©.
3SL(2,C) ¥, ·�k

A0 := exp(πif0) =

(
0 i
i 0

)
9

B0 := exp(
π

2
ih0) =

(
i 0
0 −i

)
.

5¿
A2

0 = B2
0 = A0B0A

−1
0 B−1

0 = −I and A0 ∼ B0 ∼ A0B0.

duΦ(−I) = 1, ¤±A ÚB ´GL(V ) ¥���éÜf, �A ∼ B ∼ AB. �d ´óê�, ·�
k

dimW ∩ U0 =
1

2
(3 dimV A − dimV ) =

1

2
(d+ 2).

�d ´Ûê�, ·�k

dimW ∩ U0 =
1

2
(dimV − dimV A) =

1

2
(d+ 1).

(3)·�kUb d+2
2
c = 0. Ïd, dimW ∩ Ub d+2

2
c = 0. k±þ(2)¥(Ø, dimW ∩ U0 = bd+2

2 c. �
Iy²: é?¿�j (0 ≤ j ≤ d

2), ·�k

dimW ∩ Uj − dimW ∩ Uj+1 ≤ 1.

ù�,

dimW ∩ Uj = bd+ 2

2
c − j.

duAd(A0)x0 = y0 ±9Ad(A0)y0 = x0, ·���Ad(A)x = y ÚAd(A)y = x. ·��
kAd(A0)−1h0 = −h0. Ïd, Ad(A)−1h = −h. Pu0 = vd+1, §´h�0-A�f�m�)¤
�. duAd(A)−1h = −h, �h(Au0) = −A(hu0) = 0. Ïd, Au0 �´h�0-A��þ. ù
�, Au0 = tu0, t 6= 0. duA2 = 1, 7kt = ±1. é?¿j ≤ d

2 , v2d+1−2j = xd+1−2ju0,

v2j+1�y

d+1−2ju0¤'~. ù�, A��^��v2j+1Úcjv2d+1−2j , cj´,��"~ê. Ïd,
dimW ∩ Uj − dimW ∩ Uj+1 ≤ 1.
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¯̄̄KKK5

éuR3¥�?Û¥%é¡�àõ¡NV , y²�±é���ý¥¡E, ràõ¡N�3SÜ,
�E�L¡ÈØ�LV�L¡È�3�.

���YYY5

·��±y²eã���(Ø:

(1)�V´R3¥���'u�:é¡���k.àm8. 3¤k'u�:é¡��¹V�ý¥
¡E¥, �3����E0, ¦�Ù���NÈ�����.

·���, R3¥'u�:é¡ý¥�3��½�g.��éA. ·�Pn�(�)�½�g.�
N�Q+, éuq ∈ Q+, §éA�(�Uòz�)ý¥�{q(x, x) 6 1}.

5¿�à8V��éA�R3����êN(ù�V = {x,N(x) < 1}). �¹V�(�Uòz�)ý
¥¡EéA�n��g.�NÒ´

K = {q ∈ Q+, 0 6 q(x, x) 6 (N(x))2,∀x ∈ R3}.

·�N´w�:

• KØ´�8;

• K��R3×3(D�î¼Ýþû½�ÿÀ)¥�f8´��k.48, l
´;�;

• K´��à8(e0 6 q1(x, x), q2(x, x) 6 (N(x))2, Kéu?¿λ ∈ [0, 1], 0 6 λq1(x, x) +
(1− λ)q2(x, x) 6 (N(x))2).

·�Pv(q) =ý¥{q(x, x) 6 1}�NÈ, ù´Kþ���ëY¼ê(n�A��¦È��ê, 5
¿ù´Ãþ.�), dK�;5���3qN , ¦�v(qN )�����.

y3b�,k��q′¦�v(q′) = v(qN ), ·��`²q′ = qN . �d, ·�|^�ª∫∫∫
e−q(x,x)d3x =

3

2
v(q)

∫ ∞
0

t1/2e−tdt,

Ú�ê¼ê�à5, ��

I(q) :=

∫∫∫
e
−q′(x,x)−qN (x,x)

2 d3x 6
1

2

(∫∫∫
e−q

′(x,x)d3x+

∫∫∫
e−qN (x,x)d3x

)

l
�3����(éAuqN�)E0, ¦�NÈ�����.

(2) ·��kE0 ⊂
√

3V .

ý¥¡E0þ, ·���:¦�N(x)������:a. N´w�
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• ý¥¡E03a:?��²¡Π�E0�k��ú�:a;

• ·�½ÂH = {y, qN (a, y) = 0}, KΠ = a+H;

• éuy ∈ H, t ∈ R, ½Âϕ(t) = N(a + ty), d�ê�5�, ù´��à¼ê, �÷
vϕ(t) 6 N(a)

√
1 + t2qN (y, y);

• dd, ·���ϕ����3t = 0���. XJ·�éu?¿x ∈ R3, ½Â('
uqN�)�H���ÝKπH(x), ±9πa(x) = x− πH(x), @oÒkN(πa(x)) 6 N(x);

• y3éuε, δ ∈ (0, 1)½Â

q(x, x) = (1 + ε)qN (πa(x), πa(x)) + (1− δ)qN (πH(x), πH(x)),

·�kq ∈ Q+, �I(q) = (1 + ε)−1/2(1− δ)−1I(qN );

• éu?¿x ∈ R3, kqN (πa(x), πa(x)) + qN (πH(x), πH(x) = qN (x, x) 6 N2(x), �

q(x, x) =(1− δ)(qN (πa(x), πa(x)) + qN (πH(x), πH(x)) + (δ + ε)qN (πa(x), πa(x))

6N2(x)−
[
δ − δ + ε

N2(a)

]
N2(x).

• XJN2(a) > 3, @o�±�·��ε, δ ∈ (0, 1)¦�

[
δ − δ + ε

N2(a)

]
> 0�(1 + ε)−1/2(1 −

δ)−1 < 1, ù¿�XI(q) < I(qN ), gñ.

ÏdN2(a) 6 3,=E0 ⊂
√

3V .

þã(1)+(2)´��­Vo�c�Fritz Johny²�½n.

y3, éu·�¤�Ä�àõ¡NV , ù�½nw�·�, éu�A�ý¥¡E0, ¤á
1√
3
E0 ⊂

V . ù�, duàN�L¡ÈäküN5(�±^'uàNL¡È����CauchyÈ©úª,
��±|^ùp��9��1w�ý¥¡Ú��õ¡N5��y²), ·�Òk

1√
3
E0�L¡È 6 V�L¡È,

l


E0�L¡È 6 3× V�L¡È.

`²: ùp�3�,(�)Ø´�`�.
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¯̄̄KKK6

(1) b�k�qM1§Ý����¡�VÇ�1/3"Õá/Ý�TM1ng§PXn�Ù¥�
��¡�gê"Á¦Xn�óê�VÇ3nªuÃ¡��4�§=µ

lim
n→∞

P (Xn �óê)

(2) ,<3LcÏmë\
8Ê4¹Ä§3ù�¹Ä¥d<z×£�g4i§�±�Å
/��ÊÜ4k¥��Ü"b�Ùzg×4��Ê4���VÇ�½§©O�pi ∈
(0, 1), i = 1, 2, · · · , 5 (

∑5
i=1 pi = 1)§¿b�Ùzg×£���(J�pÕá"3?1


ng×4��§PX
(i)
n , i = 1, 2, · · · , 5�Ù��z«4k�Üê"Á¦±e4�

lim
n→∞

P (X
(i)
2n , i = 1, 2, · · · , 5 �Ü�óê)

[Note: ùùù���KKK888ddd2023ccc¢¢¢,,,ggg������®®®½½½²²²ªªª			III���ÆÆÆ���éééxxxPPP���???ØØØ���KKK888UUU???



555"""éééPPP������,,,������ØØØ���GGG���'''mmm···KKK¯̄̄¨̈̈§§§���éééuuu���KKKkkkwwwÍÍÍ���zzz]

���YYY6

1. �ÄUì1�gÝ����5?1©aµ

• XJ1�gÝ��(J��¡§KI�d�n− 1gÑy�¡�ogê�Ûê¶

• ��§KI�d�n− 1gÑy�¡�ogê�óê"

Ppn = P (Xn �óê)§�â�VÇúª·�k

pn =
1

3
× (1− pn−1) +

2

3
× pn−1 =

1

3
+
pn−1

3

Ïd (
pn −

1

2

)
=

1

3
×
(
pn−1 −

1

2

)
¤���Ø N�§�limn→∞ pn = 1

2"

2. 31�¯�Ä:þ§-pn(q)��¡VÇ�q�ngÝ���óê��¡�VÇ"ÏL�
þ�¯�Ó�O�´�éu��q 6= 1

2§limn→∞ pn(q) = 1
2"�q = 1

2�§·�Ónk

pn(
1

2
) =

1

2
× [1− pn−1(

1

2
)] +

1

2
× pn−1(

1

2
) ≡ 1

2

Ïd·�=��
“�kü«ØÓ4k”�/e�VÇ4�"e¡�Än«ØÓ4
k§ÙVÇ©O�p1, p2, p3"5¿�d�n«4k�g�Üê(X1, X2, X3)Ñlëê
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�(2n, p1, p2, p3)�õ�©Ù"1Ò4k�ÜêX1Ñlëê�(2n, p1)���©Ù"d
	§�½X1 = n1�cJe§X2�^�©ÙÑlëê�(2n− n1,

p2
p2+p3

)���©Ù"

P·�'%�¯��A
(3)
2n ”2g|^�VÇúª§·�k

P (A
(3)
2n ) =

n∑
k=0

P (X1 = 2k)p2n−2k

(
p2

p2 + p3

)
(3)

5¿�·�®²y²
limm→∞ pm

(
p2

p2+p3

)
= 1/2"éu��ε > 0�3�êM1¦�

pm

(
p2

p2 + p3

)
∈ (1/2− ε, 1/2 + ε), ∀m ≥ 2M1

Ó�§�3N1¦�
pm (p1) ∈ (1/2− ε, 1/2 + ε), ∀m ≥ 2N1

��éu®(½�M1§5¿�X1Ñlëê�(2n, p1)���©Ù"¦^�'ÈÅØ�
ª��éþãε > 0�3N2¦�é?¿n ≥ N2§k

P (X1 ≥ 2n− 2M1) < ε

-N = max{N1, N2}§�â(3)k§é?¿�n ≥ N

P (A
(3)
2n ) =

n∑
k=0

P (X1 = 2k)p2n−2k

(
p2

p2 + p3

)

≤
n−M∑
k=0

P (X1 = 2k)p2n−2k

(
p2

p2 + p3

)
+ P (X1 ≥ 2n− 2M)

≤
(

1

2
+ ε

) n−M∑
k=0

P (X1 = 2k) + ε

≤
(

1

2
+ ε

)
p2n (p1) + ε ≤

(
1

2
+ ε

)2

+ ε

�dÓ�§

P (A
(3)
2n ) =

n∑
k=0

P (X1 = 2k)p2n−2k

(
p2

p2 + p3

)

≥
n−M∑
k=0

P (X1 = 2k)p2n−2k

(
p2

p2 + p3

)

≥
(

1

2
− ε
) n−M∑

k=0

P (X1 = 2k)

≥
(

1

2
− ε
)

[p2n (p1)− P (X1 ≥ 2n− 2M)] ≥
(

1

2
− ε
)(

1

2
− 2ε

)
dε�?¿5§´�P (A

(3)
2n ) → 1/4"Ïd§·�=�±48/y²P (A

(5)
2n ) → 2−4§y

."
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¯̄̄KKK7

kùo��ÑWÝ§§þ¡k���/�;�§;�þ��:?�k��ms�ä"�ÑW
Ý?umé�ª�§ÑWÝ¬uÑÑW§;�¬Uì^��!�=Ä"

\�±3;�þ����ô<�ü�Úf§·�Ø�¡§���ùÚ�É"��ùÚ�Év
k��äe�§§�Ò¬3;�þ�g£Ä"�,��Úf��äe�§§Ò¬3äe�/
���ã�m"dã�mS§XJ,	��Úf���
äe§@oü�ÚfÒ¬��§�
�3§�ò�=�å^X;�£Ä§Ø2©m¶ÄK§���m(å§ü�Úfò�g^X
;�UY£Ä"

�Äù�ÑWÝ�êÆ�."·�rù��/;�ëêz¤��±��1 ���§·�@�
ÚfÚäÑ�±^��þ:L«"äN5`§·�^X(t) ∈ [0, 1] ÚY (t) ∈ [0, 1] ©OL«t
���ùÚ�É�3;�þ� ��I§
ä��I´φ = 1§½ö§�d/§φ = 0"

�¦�Ñvk-�äe�£��ã¤§¦�� �Cz5Æ÷v

d

dt
X(t) = 1,

d

dt
Y (t) = 1.

b�3t0 ��§�É��
äe£�¥ã¤§=Y (t0) = 1§§Ò¬�õ��

τ = K(X(t0))

��m§�é{`§�����m�6u�ù���� �"

3��Ïm§�ÉØÄ§�ùUY£Ä"XJ��Ïm�,��t∗ ∈ (t0, t0 + τ ]§�ù��
�
äe§=X(t∗) = 1§@oüÚf��"XJ���m(å�£�mã¤§�ùEvk
��äe§@o§�èUY£Ä§d�¦�� �©O´

X(t0 + τ) = X(t0) + τ, Y (t0 + τ) = 0.

5¿§�,�É��I�­�
§�´§3��þ� �¿vkC"

XJ3,���ù��äe§§�¬Uì�Ó�5K��§�����m�ûud��É�
 �"w,§�ù�É�·$�ûu�����m¼êK(φ) �/ª"
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(1) ·��f : R→ R ´��1w¼ê§÷v

f ′ > 0, f ′′ < 0, f(0) = 0, f(1) = 1.

¿�ε ´��¿©����~ê"·�½Â���m¼ê

K(φ) = f−1
(
f(φ) + ε

)
− φ.

y²Ø
���~	£A½�Ð©ål¤�	§ÃØ�ùÚ�É�Ð©ålXÛ§¦
��ª¬���"

(2) ·��Ä��Xe/ª�f ¼ê

f(φ) =
1

b
ln
(

1 + (eb − 1)φ
)
,

ùpb > 0 ´��~ê"�b� 1, ε� 1 �§���Ñ���c�ù�ÉrL��ê�
êþ?"

���YYY7

(1) ·�Ø��Äl�É(å��m©�Ä"�d��ù��I�φ§�ö��Il���
ü��(0, φ)"

@o²L1− φ ��m§�ù��äe§�ö�IC¤(1− φ, 1)"@o�ù����m
�τ = K(1− φ)"

�1− φ+K(1− φ) ≥ 1 �§�ùÚ�É3ùg��¥��"

�1 − φ + K(1 − φ) < 1 �§�É¿vk3�ù��Ïm��äe§d��ö�IC
¤(1 − φ + K(1 − φ), 0)"XJUìl���l#ü�§�ö��IC¤
(0, 1 − φ +
K(1− φ))§=(0, f−1(f(1− φ) + ε))"

·�½Â
h(φ) = f−1(f(1− φ) + ε), H(φ) = h(h(φ)).

b��ùÚ�É��vk��§·�3z�g,�Úff(å���5l���*	
�ö��I§@oXJ1n g*	���ö�I�(0, φ)§K1n+ 1 g*	���ö�
I�(0, h(φ))§1n + 2 g*	���ö�I�(0, H(φ))"5¿§z�üg*	§�Ð
´Ó��Úf3äe"

·�k5ïÄh(φ) ¼ê"�
�y�g*	�vk��§·�I�1− φ+K(1− φ) <
1"´�§h(φ) �½Â��(δ, 1)§Ù¥δ = 1− f−1(1− ε)"

·�¦��§
h′(φ) = −(f−1)′(f(1− φ) + ε)f ′(1− φ).
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2�â�¼ê¦�{K�

(f−1)′(f(1− φ) + ε) =
1

f ′(f−1(f(1− φ) + ε))
.

5¿�§f−1(f(1− φ) + ε) > 1− φ§@o2df �]5§·�k

h′(φ) = − f ′(1− φ)

f ′(f−1(f(1− φ) + ε))
< −1.

,�·�ïÄH(φ)¼ê§XJüg*	�vk��§@o´�H �½Â��(δ, h−1(δ))"
w,�ε ¿©��§ù�½Â���"

¦��§H ′(φ) = h′(h(φ))h′(φ)§u´·�kH ′ > 1"

e¡·�ïÄH �ØÄ:Ú­½5"Äk´�h(φ) 3(δ, h−1(δ)) þk���ØÄ:§
��φ∗. @og,�kH(φ∗) = φ∗"2dH ′ > 1§·�N´�Ñ

H(φ) > φ, when φ > φ∗; H(φ) < φ, when φ < φ∗;

=H k���Ø­½²ï:"

¤±Ø�ü�ÚfÐ©���I�å´φ∗§ü�Úf�½¬��"

(2) XJ·�-g = f−1§@o´�

g(z) =
ebz − 1

eb − 1
.

·��±��O���

h′(φ) = −g
′(f(1− φ) + ε)

g′(f(1− φ))
= −ebε.

u´·���H ′(φ) = e2bε§=H ´�5¼ê"@o2dH(φ∗) = φ∗ ·���

H(φ) = e2bε(φ− φ∗) + φ∗.

XJ·�P
φk = Hk(φ0), ∆0 = |φ0 − φ∗|, ∆k = |φk − φ∗|

@o§�±���Ñ
∆k = e2bεk∆0.

5¿�§12k g*	�§z�Úf=L��ê´k§��∆k = O(1) �§Ò¬u)ü
�Úf��§u´í�Ñ���

k = O

(
1

bε
ln

1

∆0

)
.

���§ÚfrL��ê�´O
(

1
bε ln 1

∆0

)
"
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